In this paper we study an su(m)-invariant open version of the Haldane-Shastry spin chain whose ground state can be obtained from the chiral correlator of the c = m − 1 free boson boundary conformal field theory. We show that this model is integrable for a suitable choice of the chain sites depending on the roots of the Jacobi polynomial P
I. INTRODUCTION
Recent experiments involving optical lattices of ultracold Rydberg atoms and trapped ions, neutral atoms in optical cavities, etc., offer the possibility of realizing various theoretical models of lower-dimensional spin systems with long-range interactions in a remarkably precise way [1] [2] [3] [4] [5] . For example, by using hyperfine 'clock' states of trapped 171 Yb + ions it has become possible to realize one-dimensional spin systems with tunable long-range interactions, where the coupling between the i-th and j-th lattice sites falls off approximately algebraically as J ij ∝ 1/|i−j| α , with α ∈ (0, 3). Furthermore, it has been found that, unlike the case of spin chains with nearest or next-to-nearest neighbor interactions, spin chains with long-range interactions often exhibit interesting physical phenomena like realization of quantum spin glasses, quantum crystals and high-speed propagation of correlations exceeding light-cone-like bounds 2, 3, 6, 7 .
Due to these salient features of strongly correlated lower-dimensional systems, the theoretical investigation of exactly solvable and quantum integrable spin chains with long-range interactions has acquired great impetus. The study of this type of quantum integrable spin systems was pioneered by Haldane and Shastry 8, 9 , who found the exact spectrum of a circular array of equispaced su(2) spins with two-body interactions inversely proportional to the square of their chord distances. This Haldane-Shastry (HS) spin chain has many remarkable properties: to name only a few, its exact ground state wave function coincides with the U → ∞ limit of Gutzwiller's variational wave function for the Hubbard model 10, 11 , and its spinon excitations obey a generalized Pauli exclusion principle 12 . Furthermore, this chain exhibits Yangian quantum group symmetry, due to which the corresponding spectrum can be expressed in closed form by using the so called 'motifs' 13, 14 .
In the past few years, infinite matrix product states (MPS) related to (1+1)-dimensional conformal field theories (CFT) have been used to construct HS-like quantum spin chains with su(m) spin and periodic boundary conditions [15] [16] [17] [18] . In this approach, finite-dimensional matrices associated with MPS are replaced by chiral vertex operators of a CFT, and the corresponding correlator is interpreted as the ground state wave function of the spin system. Very recently, an inhomogeneous open version of the HS spin chain has been constructed by using infinite MPS from a suitable boundary conformal field theory 19 . In the su(2) case this construction naturally yields a linear system determining the two-point spin correlation functions, which can be solved in closed form for a particular (uniformly distributed) choice of the chain sites. In fact, the previous reference mainly focus on three instances of chains with equispaced sites, for which they discuss the integrability, conjecture a formula for the spectrum from numerical computations and determine the twisted Yangian generators responsible for the huge spectral degeneracy. The purpose of the present paper is twofold. In the first place, we shall show that these three equispaced chains can be embedded into a large class of integrable open spin chains whose lattice sites (no longer equally spaced) depend on two free parameters. We shall then compute the first few nontrivial conserved charges arising from the model's twisted Yangian invariance, and show that they coincide with the twisted Yangian generators of Ref. 19 in the three equispaced cases. Secondly, we shall evaluate in closed form the partition function of these models, providing a rigorous derivation of the formula for the energy spectrum conjectured in Ref. 19 for the equispaced cases. It should be stressed that our results apply to the whole two-parameter family of integrable spin chains mentioned above, and not just to the three particular instances thereof studied in Ref. 19 . In particular, in the su(2) case the two-point spin correlators of all of these models are determined by the linear system deduced in the latter reference for the three equispaced cases.
The paper is organized as follows. Section II is devoted to recalling the definition of the su(m) SimonsAltshuler model and its connection with the c = m − 1 free boson boundary CFT. In Section III we construct a two-parameter integrable generalization of the latter model, and show that its ground state is still given by a chiral correlator of a boundary CFT with m − 1 free bosons. The derivation of the first few nontrivial conserved charges arising from the twisted Yangian symmetry of the model is presented in Section IV. In Section V we show how to compute in closed form the model's partition function, from which we deduce its equivalence to a one-dimensional classical vertex model with a simple dispersion relation. This result is used in Section VI to provide a description of the spectrum in terms of Haldane's motifs. In particular, we compute the ground state energy and prove the formula for the energy spectrum proposed in Ref. 19 for the three equispaced cases. In Section VII we present a brief summary of our work and outline several possible future developments thereof. The paper ends with a short technical appendix, in which we prove an identity for the zeros of Jacobi polynomials needed to compute the twisted Yangian conserved charges.
II. THE su(m) SIMONS-ALTSHULER MODEL
Consider, to begin with, a spin 1/2 chain whose fixed sites z j = e 2iξj (ξ j ∈ [0, π/2], j = 1, . . . , N ) lie on the upper unit circle in the complex plane, and let |s j (s j = ±1) be the canonical spin basis at the j-th site. We shall denote the mirror image z * j of the lattice site z j by z, and shall also set
Following Ref. 19 , we shall take as ground state of the model under consideration the chiral correlator
where
(: · · · : denoting, as usual, the normal ordering), φ(u) is a chiral bosonic field from the c = 1 free boson CFT, and χ j = s j for even j and 1 otherwise. As shown in Ref. 19 , ψ is annihilated by the 3N operators
with 1 k N and a = 1, 2, 3, where
) is the spin operator of the i-th particle, ε abc is the LeviCivita symbol, and we have set 
it can be proved 19 that the latter Hamiltonian can be written as
up to an additive constant and an unimportant term proportional to the square of the total spin operator S ≡ i s i . For the three particular cases in which the angles of the chain sites are given by 
In the previous formula ξ ± ij = ξ i ± ξ j , with ξ j given by Eq. (3), and P ij is the spin exchange operator, defined by
and h ij does not depend on i and j in the three uniform cases, the Hamiltonian (2) differs from H/2 by a constant and an irrelevant term proportional to S 2 . In fact, P ij is still defined by the previous formula when the internal spin space is m-dimensional (where now 
With this general definition, the Hamiltonian (4) can be regarded as an su(m) spin model. It was shown in Ref. 19 that in this case H/2 differs from the su(m) generalization of (2), namely 
is a vector of chiral bosonic fields in the c = m − 1 free boson boundary CFT. In the latter equation κ α denotes a Klein factor (commuting with vertex operators and satisfying {κ α , κ β } = 2δ αβ ) and µ α ∈ C m−1 is the weight vector of the α-th internal state in the fundamental representation of su(m).
III. INTEGRABLE GENERALIZATION
We shall show in this section that the su(m) model (4) can be greatly generalized (without losing its integrability) by choosing the chain sites so that u 1 , . . . , u N are the N roots of the Jacobi polynomial P
, where β, β ′ are two positive parameters. In fact, the sites in the uniform cases (3) are obtained when (β, β ′ ) respectively take the values (1/2, 1/2), (3/2, 3/2) and (3/2, 1/2).
In order to understand how this integrable generalization comes about, consider to begin with the Hamiltonian of the open Sutherland spin dynamical model, given by 23, 24 
and P i is the spin reversal operator, defined by
We shall consider instead a novel variant of this model, obtained by replacing the spin reversal operators P i by the identity, which amounts to taking a different representation of the Weyl group of BC N type. In this way we obtain the Hamiltonian
to which one can associate the auxiliary scalar operator
In the latter equation the operators K ij and K i act on a scalar function as
and 
, where
Equating to zero the coefficient of a 2 in the commutator of H ′ with J k we easily arrive at the relation
It should be noted that the spin chain Hamiltonian H in Eq. (4) coincides with the operator −h(ξ), where (4) is integrable provided that its lattice sites satisfy the system of equations
As is shown in Ref. 25 , when the parameters β, β ′ are both positive the latter system has essentially a unique solution determined by the conditions
This establishes the integrability of the spin chain (4) with sites satisfying Eq. (10) for arbitrary (positive) values of β, β ′ . In fact, it should be noted that the parameters (β ′ , β) and (β, β ′ ) give rise to the same Hamiltonian (4). Indeed, from the equality P β,β
it follows that the angles ξ ′ j determined by the parameters (β ′ , β) are related to the ξ j 's in Eq. (10) by 2ξ (4) is clearly invariant under the transformation ξ j → ξ ′ j . Thus we could restrict ourselves, without loss of generality, to the case β β ′ . It can also be shown that the only models of the form (4) with uniformly spaced sites are precisely the three uniform cases (3).
We have remarked in Section II that the su(m) Hamiltonian (4) essentially reduces to (6) for the three uniform cases (β, β ′ ) = (1/2, 1/2), (3/2, 3/2), (3/2, 1/2). It is natural to enquire whether this also holds for arbitrary positive values of β and β ′ . To answer this question, we note that substituting u j = cos(2ξ j ) (j = 1, . . . , N ) in the system satisfied by the zeros of the Jacobi poly- 
from which one readily obtains
in agreement with the result for the special values of β and β ′ mentioned above. Since the right-hand side of (12) is independent of i and j, from Eq. (5) it again follows that the general su(m) model (4) with sites satisfying (10) with arbitrary (positive) β and β ′ is equivalent to the Hamiltonian (6) (i.e., H = 2H MPS + AT 2 + B for suitable constants A, B). In particular, this shows that the ground state of the general model (4) coincides with a correlator of the c = m − 1 free boson boundary CFT, thus generalizing the results in Ref. 19 for the three uniform cases. For instance, in the su(2) case this observation implies that the linear system for the two-point correlation functions of the model (2) deduced in Ref. 19 also holds for the more general integrable model (4) with sites determined by the conditions (10) .
We shall end this section with a brief discussion of the distribution of the sites of the general model (4) with sites (10) . To begin with, it is shown in Ref. 27 that when N → ∞ the density of the zeros u j of the Jacobi polynomial P
This result easily implies that the chain sites z j = e 2iξj become uniformly distributed on the upper unit circle as N tends to infinity. In fact, according to a classical result of Szegő 28 , when N ≫ 1 the angles 2ξ j satisfy
where O(N −
with equality if and only if (β, β ′ ) = (1/2, 3/2) (in the first inequality) or (3/2, 1/2) (in the second one). In fact, both of these special cases give rise to the same Hamiltonian (4) -the third uniform model in Eq. (3)-, on account of the remark following Eq. (10).
IV. TWISTED YANGIAN SYMMETRY
It was shown in Ref. 22 that the spin 1/2 model (4) with (β, β ′ ) in the three uniform cases mentioned above possesses a monodromy matrix T (u) which satisfies the reflection equation 29 . More precisely, the monodromy matrix is given by
and d i is defined in Eq. (9) . In the latter formula the index 0 labels an auxiliary m-dimensional internal space, and the projection operator π is defined by π(x j ) = ξ j and
This monodromy matrix is actually valid for su(m) spin 19 and arbitrary (positive) values of the parameters (β, β ′ ), since it only depends on the expression of the Hamiltonian in terms of permutation operators P ij and the integrability conditions (10) . 
then [H, J n ] = 0 for all n 1. To begin with, from the expansions
and the identity
we easily obtain
Thus the first-order conserved charges are the total su(m) generators T a , 1 a m 2 −1. Similarly, expanding T (u) to second order we obtain
which yields the second-order conserved charges
Both of these charges, however, are trivial, in the sense that they are polynomial functions of the global su(m) generators T a . Indeed,
The conserved charges J a 2 can be simplified using the identity (5) and the relations
satisfied by the su(m) generators in the fundamental representation. Here d abc and f abc are respectively totally symmetric and totally antisymmetric in a, b, c, with
(see, e.g., Ref. 31). After a straightforward calculation one obtains
Similarly, expanding T (u) to third order in 1/u and simplifying slightly the result we arrive at the expression
Using again Eq. (13) to identify the coefficients of t 0 0 ≡ 1I and t a 0 in the previous formula, and dropping the trivially conserved term i<j P ij , we obtain the third-order conserved charges
The first of these charges is trivial. Indeed, note first of all that from the coefficient of a 2 in the identity
is a constant. Secondly, from the permutation group identities P ik P jk = P jk P ij = P ij P ik (valid when i, j, k are all distinct) we easily obtain
where the last sum can be shown to be trivially conserved by repeated application of Eqs. (14)- (15) . As to the remaining third-order charges J a 3 , a long but straightforward calculation yields
The first two terms in the latter expression can be simplified with the help of Eq. (A.1) and the identity 2w i0 w iī = 1 + w 2 i0 . Dividing the resulting expression for −4J a 3 by the the nonzero coefficient 8β ′ (β ′ + 1)/3 and dropping a trivially conserved term proportional to T a we finally obtain the equivalent non-trivial conserved charges
where the coefficients γ 1,2 are given by
.
In particular, for the values of (β, β ′ ) corresponding to the three uniform cases the previous expression is in agreement 32 with Eq. (8) in Ref. 19 .
V. PARTITION FUNCTION
We shall next evaluate in closed form the partition function of the su(m) spin chain (4). The key idea in this respect is to exploit the connection between the latter model and the su(m) spin Sutherland model (8) by means of the so-called freezing trick [33] [34] [35] . More precisely, when a → ∞ the Hamiltonians H and H are related by H ≃ H sc − 4a H, where H sc is the Hamiltonian of the scalar Sutherland model obtained from H by replacing P ij by 1. From the latter relation it follows that the partition functions Z, Z sc and Z of the Hamiltonians H, H sc , H, respectively, are related by
Thus the partition function Z can be evaluated from the spectra of the Hamiltonians H and H sc , which in turn can be derived from that of the auxiliary operator H ′ following the approach of Ref. 24 . The spectrum of H ′ can be computed by noting that it acts triangularly on the (non-orthonormal) basis
More precisely, we introduce a partial ordering ≺ in the basis (17) as follows. Given a multiindex n ∈ Z N , we define the nonnegative and nonincreasing multiindex [ 
With the help of this partial ordering, it can be shown that
where the eigenvalue E n is given by
From the basis (17) one can construct a set of spin wavefunctions spanning the Hilbert space of the Hamiltonian H by applying the operator Λ which projects onto states symmetric under particle permutations and reflections of the spatial coordinates, determined by the relations
In this way we obtain the set of spin wavefunctions
It is clear that these wavefunctions are not linearly independent. However, using the properties of the projector Λ one can easily extract from the set of wavefunctions (20) a (non-orthonormal) basis B by suitably restricting the quantum numbers n and s. A convenient way of achieving this end is by imposing the following conditions:
From Eq. (18) and the relation H ′ Λ = HΛ one can easily check that the action of H on the basis B is given by Hψ n,s = E n ψ n,s +l.o.t, where l.o.t. denotes a linear combination of basis functions with quantum numbers (n ′ , s ′ ) satisfying n ′ ≺ n. Thus the Hamiltonian H is again upper triangular in the basis B, partially ordered according to the prescription ψ n,s ≺ ψ n ′ ,s ′ if n ≺ n ′ . Its eigenvalues E n,s = E n are given by Eq. (19) or, taking into account that [n] = n by condition i), equal to the number of basis states |s compatible with condition ii) above. From the expansion
where a 2 E 0 is the ground state energy of H, we obtain
Here
where T is the temperature and k B is Boltzmann's constant. The sum in the exponent of the RHS can be expressed in terms of ν i and k i as
where 
Denoting by P N the set of all partitions of the integer N (with order taken into account) we get the compact formula
where k = (k 1 , . . . , k r ) and we have taken into account that N r = N . On the other hand, the partition function of the scalar Sutherland model H sc was computed in Ref. 24 , with the result
From the last two equations and the freezing trick relation (16) one finally arrives at the following explicit formula for the partition function of the chain (4):
and the dispersion relation E is given by Eq. (22) .
Interestingly, the structure of the partition function (23) is the same as that of the original closed given by a vector s = (s 1 , . . . , s N ) , where s i ∈ {1, 2, . . . , m} denotes the spin state of the ith bond. The energy function associated with this spin path configuration s is defined as
where θ is Heaviside's step function given by θ(x) = 0 for x 0 and θ(x) = 1 otherwise. As shown in Ref. 37 , the partition function of this vertex model is given by Eq. (23) . An important consequence of this fact is that the spectrum of the su(m) model (4) with sites satisfying (10), including the degeneracy of each level, is given by Eq. (24), where s runs over all possible m N spin configurations. In fact, it is well-known that the spectrum of many Yangian-invariant spin models, including the original Haldane-Shastry chain, is given by a formula of the type (24) with a suitable model-dependent dispersion relation E(j). This suggests that the chain (4) may also be invariant under the (untwisted) Yangian Y (gl(m)) for arbitrary values of β and β ′ .
VI. GROUND STATE AND SPECTRUM
From Eq. (24) it follows that the energy levels of the chain (4) can be computed from the formula
where each δ j is either zero or one, and the vector δ = (δ 1 , . . . , δ N −1 ), which is called a motif, cannot contain a sequence of m or more consecutive 1's. In fact, Eq. (25) is the counterpart of Haldane's formula for the energies of the closed (antiferromagnetic) su(m) Haldane-Shastry chain in terms of motifs 13, 38 , for which the dispersion relation is given by E(j) = j(j − N ). Note, however, that Eq. (25), unlike (24), does not convey complete information on the degeneracy of each level. In this section we shall use Eq. (25) for the spectrum in terms of Haldane's motifs to compute the ground state energy and deduce an alternative expression for the distinct energy levels in terms of rapidities. This expression generalizes to arbitrary positive values of β and β ′ the formula conjectured in Ref. 19 for the three uniform cases.
We shall begin by computing the ground state energy. In the first place, since E(j) < 0 for j = 1, . . . , N − 1 and the only restriction on the motif δ ≡ (δ 1 , . . . , δ N −1 ) is that it cannot contain more than m − 1 consecutive 1's, it is clear that when m N the ground state energy E 0 is obtained from the motif δ = (1 N −1 ). Hence in this case we simply have
On the other hand, when m < N the motif that yields the minimum energy is ( (25) we obtain 
We shall next express Eq. (25) in terms of rapidities and compare the resulting formula with that conjectured in Ref. 19 for the three uniform cases. More precisely, given a motif δ = (δ 1 , . . . , δ N −1 ) its corresponding rapidities are the positions r i (i = 1, . . . , n) of its nonzero (i.e., 1) components, in terms of which the motif's energy is given by
By Haldane's restriction on the su(m) motifs, there cannot be more than m−1 consecutive rapidities. Moreover, the maximum number of rapidities in a motif, n max , is equal to the number of 1's in the ground state motif, namely ⌊(m − 1)N/m⌋. Since
Eq. (27) can be rewritten as
with
Note that, unlike the rapidities r i , the numbers ρ i are generally not integers. From the latter equation it follows that the set of distinct energy levels of the su(m) open Haldane-Shastry chain can be generated from Eq. (28) with the following two rules:
i) The n numbers ρ i belong to the set {β + 1/2,β + 3/2, . . . ,β + N − 3/2}, with n = 0, 1, . . . , ⌊(m − 1)N/m⌋.
ii) There can be no more than m − 1 consecutive ρ i 's.
Note that the second rule is a direct consequence of Haldane's restriction on the su(m) motifs, and that by definition ρ i and ρ j are consecutive if their difference is equal to 1. The latter description of the set of distinct energies can be easily adapted to the alternative Hamiltonian
considered in Ref. 19 in the three uniform cases (3). To begin with, note that from the identity (5) it follows that
The last term coincides with the constant energy
in Ref. 19 , on account of the identities
Thus the distinct energies of the Hamiltonian H can be generated from the formula
by the two rules above for the numbers ρ i . In particular, in the three uniform casesβ = 1/2, 3/2, 1 the ρ i 's belong to the sets {1, . . . , N − 1}, {2, . . . , N }, {3/2, 5/2, . . . , N − 1/2} and ν = 2N, 2(N + 1), 2N + 1, respectively, so that Eq. (31) reduces to the formula conjectured in Ref. 19 . Note, finally, that the constant energy E 0 in the previous equation can be easily computed by noting that
where E 0 is the ground state energy of the Hamiltonian H when m N , given by Eq. (26). We thus have
The fact that the spectrum of the spin chain (4) is fully described by Eqs. (22) and (24) has several important consequences that we shall now discuss. Indeed, it was shown in Refs. 39 and 40 that the level density of any quantum system whose spectrum is of the form (24) with a dispersion relation E(j) polynomial in j and N is normally distributed in the limit N → ∞. Secondly, since an equation of the form (24) also describes the spectrum of Yangian-invariant su(m) spin models, the spectrum of the chain (4) must be highly degenerate for all values of β and β ′ . In fact, from the polynomial character of this chain's dispersion relation it follows that its average degeneracy should be much higher than that of a generic Yangian-invariant model (with a non-polynomial dispersion relation). More precisely, it was shown in Ref. 41 that when E(j) is a polynomial in j and N the number of distinct levels is at most O N s (s+1)r(s) , where, for a given s, r(s) is the number of monomials of the form N p j s in E. Moreover, when E(j) is a polynomial with rational coefficients the number of distinct levels is actually O(N k+1 ), where k is the total degree of E(j) in j and N . For the dispersion relation (22) we have r(1) = 2, r(2) = 1 and k = 2, so that the number of distinct levels of the chain (4) is (at most) O(N 7 ) for arbitrary β + β ′ and O(N 3 ) for rational β + β ′ . This is indeed much lower than for a generic Yangian-invariant spin model, for which the latter number grows exponentially 41 with N .
VII. CONCLUSIONS AND OUTLOOK
In this paper we have introduced an integrable generalization of the su(m) Simons-Altshuler open chain 19, 21, 22 depending on two arbitrary positive parameters β and β ′ , whose sites are determined by the zeros of a suitable Jacobi polynomial. Using the results in Ref. 19 , we have shown that this model's ground state can be obtained from the chiral correlator of the c = m − 1 free boson boundary CFT. We have computed the first few nontrivial conserved charges stemming from the model's twisted Yangian symmetry, and evaluated the chains' partition function in closed form for arbitrary values of its parameters. From the partition function we have been able to deduce a formula for the energy spectrum in terms of Haldane's motifs, with a dispersion relation similar to that of the original (closed) Haldane-Shastry chain. As shown in Ref. 42, this formula can be applied to derive the chain's thermodynamical properties, which could be relevant in the context of the single-impurity Kondo problem. Finally, it should be noted that the chain's connection to a conformal field theory could be exploited in several different ways. For instance, in the su(2) case it is well known that the spin correlation functions of this type of models satisfy a system of linear equations whose coefficients depend on the chain sites in a simple way 19 . This fact, which was used in the latter reference to compute the correlators in the first uniform case, provides a promising way for evaluating the correlators in the su(2) case for arbitrary values of the parameters β and β ′ . 
